We present the computation of two-photon transition spectra between ro-vibrational states of the H + 2 molecular ion, including the effects of hyperfine structure and excitation polarization. The reduced two-photon matrix elements are obtained by means of a variational method. We discuss the implications of our results for high-resolution spectroscopy of H + 2 .
I. INTRODUCTION
The H + 2 ion is the simplest stable molecule. It plays an important role, both as a benchmark system for detailed studies of molecular energy levels [1] , and in astrophysics. However, there have been very few investigations concerning high-resolution spectroscopy of H + 2 . Radiofrequency spectroscopy of the hyperfine structure has been performed on H + 2 ions trapped in a Paul trap [2] . Rotational and ro-vibrational transitions close to the dissociation limit were investigated using microwave and laser spectroscopy on an ion beam [3, 4] . The scarcity of experimental studies is mainly due to the fact that H + 2 , being homonuclear, does not have a dipole-allowed rotational or vibrational spectrum (except in a small region close to the dissociation limit, where the 1sσ g and 2pσ u electronic curves overlap).
Two-photon ro-vibrational transitions are nevertheless allowed, and Doppler-free twophoton spectroscopy was proposed a few years ago as a promising new method for determination of the electron-to-proton mass ratio m e /m p [5, 6] . Transition probabilities between L = 0 states were computed in [7] (where L is the total orbital angular momentum quantum number), demonstrating the feasibility of two-photon spectroscopy using ∆v = 1 transitions around 8-12 µm. Among these, transitions lying in the spectral range of CO 2 lasers (9-10 µm) are especially attractive for frequency metrology, because of their high output power and stability. Even if there is no coincidence of H + 2 transitions with the CO 2 lines, a CO 2 laser can be used as a frequency reference for a tunable quantum cascade laser (QCL) [8] .
We have built an experiment designed to probe the (v = 0, L = 2) → (v ′ = 1, L ′ = 2) transition at 9.166 µm [9] .
The aim of this paper is to present the computation of two-photon transition spectra in H + 2 , including the effects of hyperfine structure. In Sec. II, the hyperfine effective Hamiltonian obtained in [10] is diagonalized, and the hyperfine states are written explicitly. In Sec. III, we recall the theory of two-photon transition probabilities. The transition matrix elements between hyperfine states are expressed as a function of reduced matrix elements involving only the orbital part of the wave functions, which are calculated using the same variational method as in [10] . In order to avoid huge data, only the spectra of the transitions (v = 0, L) → (v ′ = 1, L) with 0 ≤ L ≤ 3 are presented [11] . One reason for this choice is that the H + 2 hyperfine structure is essentially determined by the value of L. Moreover, the considered L values are the only one which are significantly populated when H + 2 ions are created by electron impact ionization on H 2 at room temperature, and the frequencies of these transitions are sufficiently close to a CO 2 line to allow their excitation by a laser system discussed below.
II. HYPERFINE STRUCTURE OF H
+ 2
A. Hyperfine Hamiltonian
The following notations are used throughout this paper: S e and I 1 , I 2 are respectively the electron spin and the spins of both protons, with S e = I 1 = I 2 = 1/2. We introduce the total nuclear spin I = I 1 + I 2 , where I is equal to 0 or 1. The total orbital angular momentum quantum number is denoted L. Note that due to the Pauli symmetrization, and taking into account that the electron is in the ground 1sσ g state, the total nuclear spin I is equal to 0 when L is even, and to 1 when L is odd.
The hyperfine effective hamiltonian of the H + 2 molecular ion is taken in a form [10] :
The numerical values of the coefficients b If I = 0, the strongest coupling is the spin-spin electron-proton interaction, i.e. the first term in equation (1). This interaction determines the principal splitting of the ro-vibrational levels of H + 2 . With this consideration in mind, the preferable coupling scheme of angular momentum operators is
The possible values of F and J, as well as the number of hyperfine levels, are given in Table I for each value of L. The hyperfine structure is much simpler for the states of even L, where only the value F = 1/2 is allowed since the total nuclear spin is zero.
B. Hyperfine states
In order to obtain the hyperfine eigenstates and frequency shifts, it is necessary to diagonalize the Hamiltonian (1). This is immediate when L is even: the effective Hamiltonian Let us consider a set of states:
and the reduced matrices of S e and I on the subspaces S = F = (see Eq. (91) of Ref. [12] )
Since there is no coupling between different J states, the shape of H hfs is the following:
The nonzero coefficients are calculated from equations (6-10):
The eigenstates of J = L ± 
We will refer to them as mixed states. The coefficients C ± 1 and C ± 3 are calculated in Table III together with the hyperfine frequency shifts, for L = 1, 3 and v = 0, 1. The mixing between F = 1/2 and F = 3/2 states is weak, so that the states can be labeled by the dominant F , noted asF . The hyperfine splitting of the first ro-vibrational levels [11] is shown in Figs. 1 and 2. The frequency shift of the center of theF multiplets with respect to the spin-independent level, are indicated in MHz.
III. TWO-PHOTON TRANSITIONS A. Two-photon transition operator
In this paragraph, we present the general theory of two-photon transitions with arbitrary excitation polarizations, as developed by G. Grynberg in [13] . Let us consider an H + 2 ion irradiated by two beams of polarizations ǫ 1 and ǫ 2 . The transition probability between two states |φ and |ψ by absorption of one photon in each wave is proportional to
where
is the two-photon transition operator, with
In this expression, d is the dipole operator, H is the full hamiltonian and E the intermediate state energy. If the excitation polarizations are chosen among the standard polarizations π, σ + and σ − , the two-photon transition operator reads
where d q i (q i = −1, 0, 1) are the standard components of d. Tensor Q q 1 q 2 has a rank 2 and can be represented in terms of irreducible tensors:
Inverting this expression, one finds:
where Table IV gives the values of the coefficients a
q for all combinations of the standard polarizations.
B. Two-photon matrix elements between hyperfine levels
We consider a two-photon transition between the hyperfine states |φ = |v, L, S e , I, F, J,
J with standard excitation polarizations q 1 , q 2 . In order to simplify the expressions, we restrict the presentation to a case where the initial and final states are pure states; the results will be generalized at the end of the paragraph. Using the Wigner-Eckart theorem, the two-photon matrix element between |φ and |ψ may be expressed as:
The states |g, J, M J and |e,
. If we assume the initial level to be unpolarized, the transition probability averaged over M J and M ′ J is proportional to the averaged squared matrix element
Using the orthogonality relations of Clebsch-Gordan coefficients [12] , one obtains [13]
The dipole operator and hence Q (k) acts on the spatial variables only. Using Eq. (89) of
Ref. [12] one can write the reduced matrix elements of Q (k) using only orbital wave functions:
In the case where the initial and final states are not pure basis states (i.e. for odd L and J = L ± 1/2), they can be written according to Eq. (20):
This expression can also be applied to pure states, where one coefficient is equal to zero and the other is equal to one. It is then straightforward to generalize Eq. (31):
(33)
C. Selection rules
Since the two-photon transition operator is a sum of operators of rank 0 and 2, the
For the ro-vibrational states of H + 2 , the total nuclear spin is I = 0 when L is even and I = 1 when L is odd. The two-photon transition operator acts on the orbital variables only, which explains the δ II ′ factor in Eq. (31) and gives the selection rule ∆L = 0, or ±2.
For the same reason, if we consider pure states, we get the selection rule ∆F = 0, as can be seen from the δ F F ′ factor in Eq. (31). However, due to the mixing between F = 1/2 and F = 3/2, transitions between mixed states of differentF are weakly allowed.
There are additional selection rules on M J and M ′ J depending on the beam polarizations as can be seen in Table IV . A difference M ′ J −M J must be equal to 0 for ππ and σ + σ − , +1 (−1) for πσ + (πσ − ) and +2 (−2) for σ + σ + (σ − σ − ).
D. Reduced orbital two-photon matrix elements
The last step consists in the numerical computation of the reduced matrix elements
This is achieved using the variational approach outlined in Ref. [10] . Briefly, the wave function for a state with a total orbital angular momentum L and of a total spatial parity π = (−1) L is expanded as follows:
where the complex exponents α, β, γ, are generated in a pseudorandom way. The use of complex exponents instead of real ones allows to reproduce the oscillatory behavior of the vibrational part of the wave function and improves the convergence rate. Since very high accuracy is not required for transition probabilities, relatively small basis lengths of N = 700 − 1000 were used, providing a relative accuracy of a few parts in 10 9 for the nonrelativistic energies, and a few parts in 10 5 for the matrix elements.
The reduced matrix elements vL The three following terms are evaluated numerically:
where E v ′′ ,L ′′ is the energy of the intermediate state |v
is the photon energy. The reduced matrix elements of Q (k) are related to a − , a + , a 0 in the following way:
The reduced matrix elements of Q (0) and
with 0 ≤ L ≤ 3, are given in Table V. E. Two-photon transition spectra
Using Eqs. (30), (33), the orbital reduced matrix elements given in Table V , and the mixing coefficients given in Table III, Simplest is, of course, the L = 0 case, where is no hyperfine splitting. The transition probability had been computed in Ref. [7] for linear-linear polarizations. Note that the transition is forbidden for σ + σ + polarizations, because of the selection rule ∆M J = 2. In the Table VI ). The spectrum is centered around the spin-independent transition frequency given in Table IX with respect to the other ones. On the whole, the favored transitions benefit at the same time from a smaller sensitivity to systematic effects, and from potentially more accurate theoretical predictions.
F. Orders of magnitude
The two-photon transition probability at resonance is Γ = 4πa we evaluate the two-photon transition probability, using the parameters of our experiment.
Our excitation source is a QCL phase-locked to a CO 2 laser [8] , which delivers a linearly polarized beam with a cw power of about 90 mW. A Fabry Perot cavity of finesse 1000 is built around the ion cloud. The QCL requires a strong optical isolation due to its extreme sensitivity to optical feedback from the high finesse Fabry Perot cavity. An optical isolation of more than 23dB (with 90% transmission) can be achieved using an optical diode made of a grid polariser and a quarter-wave plate, which implies working with σ + σ + polarizations; the isolation ratio is limited by the polarizer extinction ratio [15] . An additional isolation of 6 dB is obtained using an acousto-optic modulator with a polarization-dependent efficiency.
The setup we have implemented is shown in Figure 6 . The overall transmission of those optical elements including the alignment mirrors is 60% so that 54 mW of optical power are injected into the high finesse cavity. The transmitted power at resonance is about 10 mW;
from transmission and reflectivity measurements we estimate the mirror transmission and losses to about 0.001, so that the incident power on the H The transition probabilities are higher by about one order of magnitude in the linearlinear polarization case. Due to this, even with a circularly polarized beam it is still more advantageous to probe the ∆M J = 0 transitions in a transverse magnetic field, which must be sufficiently strong to separate the three components ∆M J = 0, ±2. A field in the 100 mG -1 G range is enough, as estimated in [14] . The incident intensity is then decomposed into 50%, 25% and 25% of linear, σ − and σ + polarizations respectively. A factor of 2 is lost on the excitation beam intensity (hence 4 on the transition probability), but this is more than compensated by the difference in the two-photon matrix element. With these parameters, the transition probability is Γ ∼ 1.7 s −1 , a large enough value to observe a two-photon transition in Paul traps where the ion lifetime is typically of several seconds.
Further improvement can be achieved either by a tighter focusing of the laser (and a smaller ion cloud section in order to minimize transit-time broadening) or by reducing the laser linewidth.
A factor of 4 on the transition probability can be gained by using a linearly polarized 00 00 00 00 00 11  11  11 11  11   000  000  000  000  000  000   111  111  111  111  111  111   00  00  00  00  00  00   11  11  11  11  11 excitation beam. In this case, the standard optical isolation technique relies on Faraday isolators. In the 9 micron range, a 45
• polarization rotation with reasonable magnetic fields can only be obtained using n-doped InSb wafers under cryogenic conditions, with high insertion losses [17, 18] . In addition, to our knowledge they are no longer commercially available. Other ways of achieving isolation must be sought. Figure 7 shows our proposal for a high-transmission high-isolation device for linear polarization. It takes advantage of both constructive and destructive interference by a Fabry Perot cavity.
A Fabry Perot cavity of free spectral range 4f is locked on resonance with the laser of frequency ν L , resulting in a high transmission. The transmitted beam is frequency shifted to ν L + f by an acousto-optic modulator driven at a frequency f , and injected into the high finesse Fabry Perot cavity surrounding the ion cloud. On the way back to the QCL, the reflected beam is diffracted again by the acousto-optic modulator and shifted to ν L +2f . It is then exactly off resonance with the first Fabry Perot cavity that provides optical isolation.
To summarize, the high transmission is due to constructive interference and isolation to destructive interference. Optical isolation of the QCL against the feedback from the first cavity can be achieved using an optical diode as discussed above. A second quarter-wave plate turns the polarization back to linear at the output of the isolation cavity.
The performances of this setup can be estimated as follows. The transmission at resonance for a Fabry Perot cavity made of two identical mirrors of reflectivity R, transmission T and losses P with R + T + P = 1, is
and the off resonance isolation ratio expressed in dB is given by
Using low-losses mirrors with R =0.98 and P =0.001, one obtains T cav =0.9 and I =40 dB.
IV. CONCLUSION
We have presented a derivation of the hyperfine structure of two-photon transition spectra in the H predictions [19] . The current theoretical uncertainty on the spin-independent frequencies (given in Table IX ) is about 13 kHz [20] , while the uncertainty due to hyperfine corrections is of the order of 5 kHz, due to partial cancellation between the shifts of initial and final states. We have also shown that such transitions have a very low sensitivity to external magnetic fields [14] . . This corresponds to a few tens of kHz for the frequency shifts. with 0 ≤ L ≤ 3. They were calculated using the data of Refs. [19, 20] .
